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ABSTRACT
We propose a generalized su(2) algebra that perfectly describes the discrete energy part of the
Morse potential. Then, we examine particular examples and the approach can be applied to any
Morse oscillator and to practically any physical system whose spectrum is finite. Further, we
construct the Klauder coherent state for Morse potential satisfying the resolution of identity with a
positive measure, obtained through the solution of truncated Stieltjes moment problem. The time
evolution of the uncertainty relation of the constructed coherent states is analyzed. The uncertainty
relation is more localized for small values of radius of convergence.
Keywords: Generalized su(2) algebra, Coher-
ent state, Morse potential.
I. INTRODUCTION
The Morse potential [1, 2] is a realistic model that de-
scribes very well the molecular vibrations inside diatomic
molecules [3, 4]. Hence, it appears in the study of interac-
tions between molecules and coherent radiations [5]. Par-
ticularly, it has been exploited in the study of the dissoci-
ation of molecules under electromagnetic fields [6]. Since
the Morse potential quantum system has paradigmatic ap-
plications in physics, chemistry [3, 4] and biology [7], it has
been studied by using different approaches such as SO(2,1)
[8–14], SU(1,1) [15, 16] and SU(2) groups [17–19]. The lat-
ter approach has been exploited to construct the algebraic
model of molecular vibrations in diatomic and Polyatomic
molecules. More recently, It has been shown that the Morse
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potential can also be obtained from the Generalized Heisen-
berg Algebra (GHA) [20–23].
On the other hand, coherent states were first introduced by
Schro¨dinger for the quantum harmonic oscillator as some
quantum states whose properties are closer to those of their
classical counterpart [24]. These states maintain maximum
localizability in time evolution of the system and minimize
the Heisenberg uncertainty inequality for position and mo-
mentum operators. More recently, in 1960s, Glauber [25]
and Klauder [26] have widely studied these states in quan-
tum optics showing their physical applicability. Further,
coherent states were not restricted only to the harmonic
oscillator [27] and they were constructed for several physi-
cal systems such as a free particle in a square well potential
[28], Hydrogen atom [29] and Po¨schl-Teller potential [30].
These states were called nonlinear coherent states. Further-
more, it has been shown that nonlinear coherent states can
be constructed and can be associated with any Lie algebra
[31–33] such as su(2), su(1,1) and GHA coherent states [28].
Moreover, we notice that there are several approaches to
construct coherent states such as Klauder and Perelomov-
Gilmore approaches [31, 34].
For anaharmonic potentials, particularly for Morse poten-
ar
X
iv
:2
00
5.
04
30
2v
1 
 [h
ep
-th
]  
8 M
ay
 20
20
2tial, significant efforts have been made to construct the
associated coherent states [35–39]. In [36], they were in-
troduced as some superposition of the energy eigenstates
which are ”almost” eigenvectors of the annihilation opera-
tor. However, these states are not Klauder coherent states
[34] since they do not satisfy the resolution of unity prop-
erty. Furthermore, the so-called GazeauKlauder coherent
state for the Morse potential in [37] satisfy the resolution
of unity with a non positive weight function. Thus, they
are not Klauder coherent states.
In this paper, we show that the bound states of the Morse
potential can be perfectly described by the generalized
su(2). This approach is relevant because no restriction on
the creation operator of the algebra is needed compared
with su(2) and GHA approaches [17, 23] where the alge-
braic relation of the algebra generators are not valid for all
the bound states spectrum, i.e., for all energy eigenvectors.
We also aim to construct the Klauder coherent states for
the bound states of Morse potential associated with gener-
alized su(2) algebra and discuss their resolution of identity
property. Our approach bears some analogy with [40] but
here we use the solution of the truncated Stieltjes moment
problems to construct the Klauder coherent states of Morse
potential while in [40] the resolution of Stieltjes and Haus-
dorff moment problems has been used to construct coher-
ent states for systems whose energy spectrum is infinite.
To the best of our knowledge, this approach has not been
exploited before and it can be used to construct Klauder
coherent states for systems whose spectrum is finite.
This paper is organized as follows: in section (II) we show
that the Morse potential can be obtained from general-
ized su(2) by providing the adequate characteristic func-
tion of the algebra. Then, in section (III) we shall construct
the Klauder coherent state associated with Morse potential
and provide the weight function satisfying the resolution of
identity. Then, we examine particular example. Moreover,
in (IV) we shall study the properties of the constructed
coherent states. Finally, our conclusions are given in (V).
II. GENERALIZED SU(2) AND MORSE
POTENTIAL
A. Introduction to Generalized su(2) algebra
Let J0, J+ and J− be three operators satisfying the fol-
lowing relations [41, 42]
J0J− = J−f(J0), (1)
J+J0 = f(J0)J+, (2)
and
[J+, J−] = J0(J0 + 1)− f(J0)(f(J0) + 1), (3)
where J0 = (J0)
†, (J+)† = J− and f(J0) is an analytical
function of J0, called the characteristic function of the alge-
bra. The generator J0 can be any hermitian operator. The
Casimir operator of the algebra defined in (1)-(3), called
the generalized su(2) [41, 42], is given by
C = J+J− + f(J0)(f(J0) + 1) = J−J+ + J0(J0 + 1). (4)
By substituting the linear function f(J0) = J0−1, the rela-
tions (1)-(3) recover the well-known su(2) algebra [41, 42].
Let us now provide the irreducible representation of the
generalized su(2) algebra generators. Considering an eigen-
vector |n〉 of the Hermitian operator J0 associated with the
eigenvalue εn, i.e., J0 |n〉 = εn |n〉 and let
εn−1 = f(εn) < εn for n = 0, 1, . . . . (5)
The representation of the algebra is finite if and only if
[41, 42]
f(ε0) = −εnmax − 1, (6)
where εnmax , ε0 are the largest eigenvalue and the lowest
eigenvalue of J0, respectively. By using (1)-(3) and ap-
plying the Casimir operator (4) on the largest eigenvector
|nmax〉 and assuming that J+ |nmax〉 = 0, we get
J+ |n〉 = Nn |n+ 1〉 , (7)
J− |n〉 = Nn−1 |n− 1〉 , (8)
where
N2n = (εnmax − εn)(εnmax + εn + 1). (9)
3and n = 0, 1, . . . nmax. Then, for n = 0, 1, . . . nmax, the rep-
resentation is determined by giving the largest eigenvector
|nmax〉 associated with the eigenvalue εnmax and an eigen-
vector |nmax − l〉 is just the action of J−, l times on |nmax〉
and εnmax−l is nothing but the l-th iterate of εnmax under
f . The representation is then finite and the dimension of
the vector space of representation is d = nmax + 1.
We have ε0 = f
d−1(εnmax), implying that the condition (6)
can be written in the following form
fd(εnmax) = −εnmax − 1, (10)
where d is the dimension of the representation and
fd(εnmax) denotes the d-iterate of εnmax under f [41, 42].
The characteristic function of the algebra f is a decreasing
function. Thus, the algebra is compatible if and only if the
following condition is satisfied [41, 42]
εnmax ≥ −
1
2
. (11)
B. The Morse potential
The one-dimensional Morse model describing the vibra-
tions of two oscillating atoms of masses m1 and m2 is given
by the following Schro¨dinger equation [1, 2]
Hψ(x) =
(
Pˆ 2
2mr
+ V (x)
)
ψ(x)
=
(
− ~
2
2mr
d2
dx2
+ V0(e
−2βx − 2e−βx)
)
ψ(x)
= Eψ(x) , (12)
where x is the displacement of the two atoms from their
equilibrium positions. V0 represents the depth of the po-
tential well at the equilibrium x = 0. While, β is related
to the width of the potential and mr is the reduced mass
of the oscillating system, i.e.,
1
mr
=
1
m1
+
1
m2
. (13)
The eigenvalues of the bound states are given by
En = −~
2β2
2mr
(p− n)2, (14)
where
p =
ν − 1
2
, ν =
√
8mrV0
β2~2
, (15)
ν is related to the spectroscopic constants of diatomic
molecules [43] and n takes a finite number of values, {n =
0, 1, 2, ..., nmax = [p]} where [p] denotes the integer part of
p that determines the number of bound states. In general,
the parameter p is not an integer.
The associated eigenfunctions are given as follows
ψνn(y) = Nne−
y
2 ysL2sn (y), (16)
where we have used the change of variable y = νe−βx,
L2sn (y) are the Laguerre polynomials, 2s = ν − 2n− 1 and
Nn is the normalization constant given by
Nn =
√
β(ν − 2n− 1)Γ(n+ 1)
Γ(ν − n) , (17)
where Γ is the gamma function.
C. Morse potential from generalized su(2)
Now, we show that the Morse potential can be described
by the generalized su(2) by providing the adequate algebra
generators and the appropriate characteristic function. Let
J0 = H + b, where H is the dimensionless Hamiltonian of
the Morse potential, i.e., H = 2mr
H
~2β2
and b is a constant
without dimension. We will show the reason why we choose
this operator as one generator of the algebra instead of the
Hamiltonian H. The spectrum of J0 is given by
εn = b− (p− n)2, (18)
from (5) and (18) it follows that the characteristic function
of a variable z can be written as
f(z) = z − 2√b− z − 1. (19)
Now, let us provide the constant b satisfying the cut condi-
tion (6). Remembering that p is not an integer in general,
it can always be written as p = nmax + x where x ∈]0, 1[.
By substituting (18) and (19) in (6), the cut condition (6)
can now be written as
2b− (p+ 1)2 − x2 + 1 = 0. (20)
By solving this equation, we find that
b =
1
2
(
p2 + 2p+ x2
)
. (21)
4Consequently, the spectrum (18) can be simplified as
εn =
1
2
(−2(n− p)2 + p2 + 2p+ x2) . (22)
By replacing p by nmax+x, the eigenvalue εn can be written
in terms of n, nmax and x as
εn = −n2 + nmax(2n− x+ 1) + 2nx− n
2
max
2
+ x. (23)
It follows that the lowest eigenvalue can be given by
ε0 = nmax(−nmax
2
+ 1− x) + x, (24)
and the largest eigenvalue can now be written as
εnmax = nmax(
nmax
2
+ x+ 1) + x. (25)
Thus, the cut condition for the representation to be finite
is verified. From (23), we find
ε−1 = f(ε0) = −1
2
nmax(nmax + 2x+ 2)− x− 1. (26)
Consequently, from (23) and (26), the cut condition f(ε0)+
εnmax + 1 = 0 is verified. Then, the Morse potential can
be totally described by the generalized su(2). This result
is valid for any Morse oscillator, i.e., any value of p.
By considering J0 = H, i.e., b = 0, the cut condition for the
representation to be finite f(ε0) + εnmax + 1 = 0 does not
admit any solution showing the importance of the added
constant b.
The representation of the algebra generators can be easily
obtained. From (9), (23) and (25) we show that
N2n = (n+ 1)(nmax − n)(nmax − n+ 2x)(2nmax − n+ 2x+ 1). (27)
It is easily seen that the quantity N2n defined in (27) is
positive. Then, its square root is well defined and the action
of J+ and J− can be easily obtained. Thence, it is easy to
check that the cut conditionsN−1 = 0 andNnmax = 0 which
imply that J− |0〉 = 0 and J+ |nmax〉 = 0 are verified.
D. Particular examples
Now, let us apply the results above to particular Morse
oscillators.
1. A Morse potential with 3 levels
In fact, this Morse oscillator is not related to any physical
system but we examine it to show how the Morse poten-
tial can be described by generalized su(2). However, the
approach can be used for any Morse oscillator. From (23)
with p = 2 + x, x ∈]0, 1[, we have in this case
ε0 = −x, (28)
ε1 = x+ 3, (29)
and
ε2 = 3x+ 4. (30)
From (27), we have N−1 = 0, N2 = 0 and
N20 = 4(x+ 1)(2x+ 5), (31)
N21 = 4(x+ 2)(2x+ 1), (32)
Then, the action of J+ and J− on |n〉 with n = 0, 1, 2 are
well defined and J+ |nmax〉 = J− |0〉 = 0 for x ∈]0, 1[.
2. nmax = 7
Let us consider as a theoretical example the Morse os-
cillator with p = 7.7. It follows that x = 0.7 and by using
(21) we find that the adequate value of b for which this
system can be described by the algebra is b = 37.59, and
the action of J+ and J− on |n〉 for n = 0, 1, . . . , 7 can be
5easily found by using (27). We can see that N−1 = N7 = 0
which means that the cut conditions on the largest and the
lowest eigenvectors are satisfied.
III. CONSTRUCTION OF COHERENT STATES
FOR MORSE POTENTIAL
In this section, we construct the generalized su(2) coher-
ent state associated with Morse potential. let us consider
a vector |z〉 defined by
|z〉 = N(|z|)ezJ+ |0〉 , (33)
where N(|z|) is the normalization function, z is a complex
number and ex is the usual exponential function. From(7),
We have
Jn+ |0〉 =
n−1∏
i=0
Ni |n〉 , (34)
and
Jnmax+1+ |0〉 = 0, (35)
Thus, the state |z〉 reads
|z〉 = N(|z|)
nmax∑
n=0
znJn+
n!
|0〉
= N(|z|)
nmax∑
n=0
zn
∏n−1
i=0 Ni
n!
|n〉 . (36)
We note Nn−1! =
∏n−1
i=0 Ni, and by definition N−1! := 1.
Then, the state (36) can be written as
|z〉 = N(|z|)
nmax∑
n=0
znNn−1!
n!
|n〉 . (37)
It is said that the state |z〉 is a Klauder coherent state if
and only if it satisfies the following conditions
i)normalization 〈z|z〉 = 1 ,
ii) continuity in the label,
| |z〉 − |z′〉 | −→ 0 when |z − z′| −→ 0 (38)
iii) completeness or resolution of identity
∫ ∫
d2z
w(|z|2)
pi
|z〉 〈z| =
nmax∑
n=0
|n〉 〈n| = 1, (39)
where 1 denotes the identity operator of the vector space
of representation, and w(|z|2) is a positive function called
the weight function [40].
The summation in (37) is finite. Then, the conditions (i)
and (ii) are obviously satisfied. Now, let us examine the
condition (iii). Let z = reiθ where 0 ≤ r <∞ and 0 ≤ θ ≤
2pi. Then, d2z = rdrdθ. By substituting (37) in (39), we
find that
∫ ∞
0
∫ 2pi
0
rdrdθ
w(r2)
pi
(N(r2))2 ×
nmax,nmax∑
n,m=0
rn+mei(n−m)θNn−1!Nm−1!
n!m!
|n〉 〈m| = 1. (40)
We have
∫ 2pi
0
dθei(n−m)θ = 2piδn,m. Thus,
2
nmax∑
n=0
|n〉 〈n|
∫ ∞
0
rdrw(r2)(N(r2))2
r2n(Nn−1!)2
(n!)2
= 1
(41)
Let x = r2. Then
nmax∑
n=0
|n〉 〈n|
∫ ∞
0
dxw(x) (N(x))
2 x
n(Nn−1!)2
(n!)2
= 1. (42)
6Let h(x) = (N(x))2w(x). Finally, the completeness prob-
lem reduces to the resolution of the following moment prob-
lem∫ ∞
0
dxh(x)xn =
(n!)2
(Nn−1!)2
, n = 0, 1, . . . , nmax. (43)
Let
dµ(x) = h(x)dx (44)
and let sn =
(n!)2
(Nn−1!)2
. It follows then that
∫ ∞
0
dµ(x)xn = sn, n = 0, 1, . . . , nmax. (45)
The moment problem (45) is known by the truncated Stielt-
jes moment problem [44].
Now, let us recall the condition under which (45) admits a
solution [44]. Let
A(k) =

s0 s1 . . . sk
s1 s2 . . . sk+1
...
...
. . .
...
sk sk+1 . . . s2k
 , (46)
B(k) =

s1 s2 . . . sk+1
s2 s3 . . . sk+2
...
...
. . .
...
sk+1 sk+2 . . . s2k+1
 , (47)
and
v(k + 1, k) =

sk+1
sk+2
...
s2k+1
 . (48)
For nmax = 2k + 1, if A(k) ≥ 0, B(k) ≥ 0 i.e., A(k) and
B(k) are positive semi-definite matrices and v(k + 1, k) ∈
Rank(A(k)), then there exists a measure dµ(x) satisfy-
ing (45), implying that the state |z〉 is Klauder coherent
state. Let us note that if A(k) and B(k) are positive defi-
nite matrices, the third condition is obviously satisfied, i.e.,
v(k + 1, k) ∈ Rank(A(k)) is obviously satisfied [44].
For nmax = 2k, there exists a measure dµ(x) satisfying (45),
i.e., |z〉 is Klauder coherent state, if and only if A(k) ≥ 0,
B(k − 1) ≥ 0 and v(k + 1, k − 1) ∈ Rank(B(k − 1)). If
A(k) > 0 and B(k− 1) > 0, it follows that v(k+ 1, k− 1) ∈
Rank(B(k − 1)) is satisfied [44]. Thus, we have provided
the conditions under which the vector |z〉 defined in (37) is
a Klauder coherent state. If these conditions are not sat-
isfied, the vector |z〉 is just a normalized state but never a
coherent state as it does not satisfy the completeness condi-
tion. The form of the measure satisfying the moment (45)
is given by [44]
µ(x) =
k∑
j=0
ρjδ(x− yj), (49)
where ρj ≥ 0, yj ∈ R and δ(x−yj) denotes the Dirac delta
function. Thus, compared with coherent states constructed
in [35–39], we have provided here a construction of coherent
states for the bound states of the Morse potential from
the solution of the truncated Stieltjes moment problem and
provided the associated positive weight function.
For example, the Gazeau-Klauder coherent states of Morse
potential constructed in [37] are given by
|z, γ〉 = N(|z|)
M∑
n=0
zn/2e−iγen√
ρn
|n〉 , (50)
where z ≥ 0, −∞ < γ <∞, en = (M + 1)2− (M + 1− n)2
and M is a positive integer. The normalization function
N(|z|) now reads
N(|z|) =
(
M∑
n=0
zn
ρn
)−1/2
, (51)
with ρn =
∏n
i=1 ei and ρ0=1. The completeness condition
implies that the sequences ρn satisfy the following integral
equation ∫ ∞
0
xnh(x)dx = ρn. (52)
The function h(x) satisfying (52) is given by
h(x) = Γ(2M + 2)x−(M+1)J2M+2(2
√
x), (53)
where Jn(x) denotes the Bessel function of the first kind
which is not positive for any 0 ≤ x < ∞. Thus, for a
fixed value of M wich determines now the number of bound
states, h(x) is not a positive function. This implies that
the coherent states |z, γ〉 constructed in [37] and recalled in
(50) do not satisfy the resolution of identity with a positive
7weight function. The physical properties of the coherent
states (50) have been investigated in [37].
Here, we have provided an approach to construct the co-
herent states for the bound states of the Morse potential
associated with the generalized su(2) algebra and shown
that their resolution of identity can be solved with a pos-
itive measure by using the solutions of truncated Stieltjes
moment problem. Now, let us examine a particular exam-
ple.
p=7.7
We have shown in (II D 2) that the Morse oscillator with
p = 7.7 can be totally described by generalized su(2) al-
gebra with b = 37.59. In this case, we have nmax = 7,
k = 3 and N0 = 31.0535, N1 = 36.98, N2 = 37.1806,
N3 = 34.0259, N4 = 28.6077, N5 = 21.5666, N6 = 13.2182
and N7 = 0. The matrices A(3) and B(3) are positive defi-
nite matrices. Since A(3) > 0. Then, v(4, 3) ∈ Rank(A(3))
is verified. Then, it exists a positive measure satisfying
(45). Consequently, the vector |z〉 defined in (37) with
p = 7.7, is a Klauder coherent state. A measure of the
form (49) satisfying (45) with p = 7.7 can be easily ob-
tained. From (45) and (49) we have
3∑
j=0
ρj
∫ ∞
0
dxδ(x− yj)xn = sn n = 0, 1, . . . , 7. (54)
Then, we have
3∑
j=0
ρjy
n
j = sn, n = 0, 1, . . . , 7. (55)
Thus, a finitely atomic positive measure on R with atoms
ρj can be constructed (see [44]).
IV. PROPERTIES OF THE MORSE COHERENT
STATE
A. The uncertainty relation on the Morse coherent
state
In this section, we shall study the properties of a partic-
ular Morse coherent state proposed in (37). We will exam-
ine the behavior of the uncertainties of both position and
momentum operators in terms of |z|. Then, we study the
behavior of the uncertainty relation in terms of |z| and its
time evolution for particular values of |z|. The dispersions
of the position and the momentum on the coherent state
|z〉 are given by
∆x =
√
〈x2〉 − (〈x〉)2, (56)
and
∆p =
√
〈p2〉 − (〈p〉)2, (57)
respectively, where 〈.〉 = 〈z| . |z〉. Thus, The uncertainty
relation is given by
∆x∆p =
√
(〈x2〉 − (〈x〉)2)(〈p2〉 − (〈p〉)2). (58)
The matrices elements of the operators x, x2, p and p2, in
the basis spanned by the eigenvectors defined in (16) with
β = 1 are given by [36, 45]
〈m|x |n〉 = ln(ν)δm,n +NmNn
m∑
i=0
n∑
j=0
(−1)i+j+1
i!j!
(
m+ (ν − 2m− 1)
m− i
)(
n+ (ν − 2n− 1)
n− j
)
× Γ(ν + i+ j −m− n− 1)ψ(0)(ν + i+ j −m− n− 1), (59)
8〈m|x2 |n〉 = NmNn
m∑
i=0
n∑
j=0
(−1)i+j
i!j!
(
m+ (ν − 2m− 1)
m− i
)(
n+ (ν − 2n− 1)
n− j
)
× Γ(ν + i+ j −m− n− 1)× {[ψ(0)(ν + i+ j −m− n− 1)− ln(ν)]2 + ψ(1)(ν + i+ j −m− n− 1)}, (60)
〈n+ k| p |n〉 = i~(−1)k+1Nn+kNnΓ(ν − k − n)
2n!
(1− δk,0), (61)
〈n+ k| p2 |n〉 = ~2(−1)k+1Nn+kNnΓ(ν − k − n)
4n!
((k − 1)ν − k(k + 2n+ 1)), k 6= 0, (62)
and
〈n| p2 |n〉 = −~
2(2n+ 1)(2n+ 1− ν)
4
, (63)
where ψ(1) denotes the first derivative of the digamma func-
tion ψ(0) andNn is the normalization function given in (17).
Thus, the dispersions of the position and the momentum
(56)-(57) can be computed for the coherent state (37) and
the uncertainty relation (58) can be easily obtained. The
time evolution of the coherent state |z〉 given in (37) can
be obtained by the action of the evolution operator
|z, t〉 = U(t) |z〉 = e−iHt/~ |z〉 . (64)
Thus, the time evolution of the uncertainty relation can
also be easily computed.
Application to the case of the molecule Hg2H
Now, we apply the results above to the molecule Hg2H.
The parameter ν is related to the experimentally measured
molecular harmonicity ωe and the anharmonicity ωexe con-
stants by
ν =
ωe
ωexe
. (65)
By using the results given in [46], for the state X2Σ, we
have ν ≈ 19.93, p = 9.46 and nmax = 9. From (21) we
find that the constant b associated with the characteris-
tic function of the generalized su(2) is b = 54.31. Now,
we shall examine the behavior of the dispersions ∆x, ∆px
of the generalized su(2) coherent state associated with the
molecule Hg2H in terms of |z|. The behaviors of the dis-
persions ∆x, ∆px are shown in Figure (1). Analyzing the
figure (1), we can see that the product ∆x∆px approaches
to 0.5~ for small values of |z| which means that the uncer-
tainty relation ∆x∆px is minimized for small values of |z|.
In Figures (2)-(3), we show the time evolution of the uncer-
tainty relation (58) for the generalized su(2) coherent state
|z, t〉 associated with the molecule Hg2H with p = 9.46 for
|z| = 0.1 and |z| = 10, respectively. In all numerical sim-
ulations we have taken β = 1. Analyzing these Figures,
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FIG. 1. The dispersions ∆x (continuous, blue curve) and ∆px/~
(dashed, red curve) in terms of |z| for Morse coherent state with
p = 9.46.
we can see that the uncertainty relation oscillates between
minimum values and maximum values and that the uncer-
tainty relation approaches to 0.5~ when |z| is very small.
Consequently, the uncertainty is more localized for coher-
ent states with small values of |z|.
9B. Statistical properties of Morse coherent state
The normalized second order correlation function at zero
time on a state |ψ〉 is defined by
g2 =
〈ψ| nˆ2 |ψ〉 − 〈ψ| nˆ |ψ〉
(〈ψ| nˆ |ψ〉)2 , (66)
where nˆ is the particle number operator. In quantum op-
tics, the function g2 characterizes the non-classical nature
of the light field described by the state |ψ〉 [47]. The light
is antibunched if g2 < 1, coherent if g2=1, bunched if
1 < g2 < 2 and thermal when g2 = 2. We note that
several measures of nonclassicality of light fields have been
proposed such as the Wigner function [48], the Mandel pa-
rameter [49] and the squeezing parameter [50].
For the generalized su(2) Morse coherent state |z〉 associ-
ated with the molecule Hg2H with p = 9.46, the second
order correlation function
g2(|z|) = 〈z| nˆ
2 |z〉 − 〈z| nˆ |z〉
(〈z| nˆ |z〉)2 , (67)
can be easily computed by using the fact that
〈z| nˆ2 |z〉 = (N(|z|))2
nmax∑
n=0
n2 |z|2n(Nn−1!)2
(n!)2
, (68)
and
〈z| nˆ |z〉 = (N(|z|))2
nmax∑
n=0
n |z|2n(Nn−1!)2
(n!)2
. (69)
The behavior of g2(|z|) given in (67) for the Morse coherent
state with p = 9.46, b = 54.31 and nmax = 9 is shown in the
figure (4). Immediately, we see that 0 < g2(|z|) < 1. This
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FIG. 2. The behavior of time evolution of the uncertainty rela-
tion of Morse coherent state with p = 9.46 and |z| = 0.1
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FIG. 3. The behavior of time evolution of the uncertainty rela-
tion on Morse coherent state with p = 9.46 and |z| = 10.
shows the bunching effects of the Morse coherent states |z〉
associated with the molecule Hg2H. The calculations of the
second order correlation function of Morse coherent states
for other diatomic molecules can be obtained in a similar
way.
By using (68) and (69), the variance of the number operator
(∆nˆ)2 = 〈z| nˆ2 |z〉 − (〈z| nˆ |z〉)2 can be easily computed.
In figure (5), we show the behaviors of the mean value of
the number of particles operator nˆ and its variance on the
coherent state |z〉 associated with p = 9.46 and b = 54.31
in terms of the amplitude |z|. Interestingly, the mean value
of the operator nˆ is shown to be larger and the associated
variance is shown to be smaller for high values of |z|.
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FIG. 4. The behavior of g2(|z|) on Morse coherent state with
p = 9.46.
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FIG. 5. The mean value of the number of particles operator
nˆ (continuous, blue curve) and its variance (∆nˆ)2 (dashed, red
curve) in terms of |z| for Morse coherent state with p = 9.46.
V. FINAL COMMENTS
In this paper, we have shown that the discrete energy
part of the Morse potential can be perfectly described by
the generalized su(2) algebra. By using this approach no
condition on the action of ladder operators is needed com-
pared with su(2) and GHA approaches. Once the charac-
teristic function of the algebra is determined, the algebraic
relations are valid for all energy eigenvectors which is not
the case for previous approaches. We have examined par-
ticular examples of Morse systems and the approach is valid
for any Morse oscillator. Then, we have used the analytical
solutions of truncated Stieltjes moment problem to con-
struct the Klauder coherent states associated with Morse
oscillator. These states satisfy the resolution of identity
with a positive measure compared with those introduced
in [37, 38]. Finally, we have analyzed the behaviors of the
the time evolution of the uncertainty relation of the con-
structed coherent states for particular Morse oscillators in
terms of |z| and have shown that uncertainty approaches
to 0.5~ for small values of |z|.
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